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Abstract 

In this paper, using the idea of quasi-coincidence of a fuzzy point with a fuzzy 
set, the concepts of Vg)- fuzzy subsemigroup and (e, £ Vg)- fuzzy bi-ideal 

in a F-semigroup have been introduced and some related properties have been 
investigated. 
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1 Introduction 



The concept of fuzzy set was introduced by Zadeh[3T]. Since then many researchers 
explored on the generalizations of fuzzy sets. Many papers on fuzzy sets appeared 
showing the importance of the concept and its application to logic, set theory, group 
theory, semigroup theory, real analysis, measure theory, topology etc. It was hrst 
applied to the theory of groups by A. Rosenfeld|18). In [29], Yuan et al. introduced 
the definition of fuzzy subgroup with thresholds which is a generalization of Rosenfeld's 
fuzzy subgroup and Bhakat and Das's fuzzy subgroup. Murah[16] proposed a definition 
of fuzzy point belonging to fuzzy subset under a natural equivalence on fuzzy subset, 
the idea of quasi coincidence of a fuzzy point with a fuzzy set, which is mentioned in 
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|17| . played a vital role to generate some different types of fuzzy subgroups. Bhakat 
and Das[Tl [2] gave the concept of (a, /3)-fuzzy subgroups by using the belong to rela- 
tion (e) and quasi-coincidence with relation (q) between a fuzzy point and a fuzzy 
subgroup, and introduced the concept of an (€,G Vg)- fuzzy subgroup. In particular, 
(G, G Vg)- fuzzy subgroup is an important and useful generalization of Rosenfeld's fuzzy 
subgroup. We see the fuzzification of different concepts of semigroups in [131 El US]- 
Yunqiang Yin and Dehua Xu[30j introduced the concepts of (G, G Vg)- fuzzy subgroup 
and (G,G Vg)- fuzzy ideals in semigroups. In [12], Y.B. Jun, S.Z. Song introduced 
the notion of generalized fuzzy interior ideals in semigroups. Sen and Saha in [27| 
defined the concepts of F-semigroups as a generalization of semigroups. F-semigroups 
have been analyzed by a lot of mathematicians, for instance ChattopadhayfSl IH 125] . 
Dutta and Adhikari[6l [7], Hila[inilII], Chinram[5j, Saha[19»^, Setht28j. Sardar and 
Majumder [20 l [22l [24] characterized subsemigroups, bi-ideals, interior ideals(along with 
B.Davvaz|23]). quasi ideals, ideals, prime(along with D. Mandal[2T]) and semiprime 
ideals, ideal extensions (along with T.K. Dutta[8|f9j) of a F-semigroup in terms of fuzzy 
subsets. They also studied their different properties directly and via operator semi- 
groups of a F-semigroup. As a first step in this direction, here the authors are going to 
introduce the concept of (G, G Vg)- fuzzy subsemigroup and (g, G Vg)- fuzzy bi-ideal 
in a F-semigroup. 

2 Preliminaries 

In this section we discuss some elementary definitions which will be used in the sequel. 

Let S = {x, y, z, ....} and F = {a, /3, 7, ....} be two non-empty sets. Then S is called 
a T-semigroup[27\ if there exist a mapping 5" x F x 5 — > ^(images to be denoted by 
aab) satisfying 

(1) xjy G S, 

(2) {xf5y)^z = x(3{y'yz), for all x,y,z £ S and for all /3,7 G F. 

A non-empty subset ^ of a F-semigroup S is called a subsemigroup^^ of S if ATA C 
A. A subsemigroup ^ of a F-semigroup S is called a bi-ideal^^ of S if ATSTA C A. 

A function /i from a non-empty set X to the unit interval [0, 1] is called a fuzzy 
subset^^ of X. 

A F-semigroup 5 is called regular^, if for each a £ S, there exist x € S and a, /? G F 
such that a = aax(3a. 

A F-semigroup S is called intra-regular^, if for each a £ S, there exists x,y € S 
and a, /3, 7 G F such that a = xaa/3a^y. 

A F-semigroup S is called left(right) duo if every left(resp. right) ideal of 5 is a two 
sided ideal of 5. 

A F-semigroup 5 is called duo if it is left and right duo. 

Example 1. [23j Let F = {5, 7}. For any x,y G N and 7 G F, define x'jy = x.j.y where 
. is the usual multiplication on N. Then is a F-semigroup. 



2 



Definition 2.1. Let 5 be a F-semigroup. For a fuzzy subset fi of S and t G (0, 1], the 

set U {A; t) = {x £ S : fi{x) > t} is called a level subset of S determined by fj, and t. 

Definition 2.2. [16j A fuzzy subset /u of a set X of the form 



is said to be a fuzzy point with support x and value t and is denoted by xt- 

Definition 2.3. [24^j (SI) A non-empty fuzzy subset ^ of a F-semigroup S is called a 
fuzzy subsemigroup of S if n{x'yy) > iiim{fj,{x), fj,{y)}yx,y € 5, V7 € F. 

Definition 2.4. |24j A fuzzy subsemigroup /i of a F-semigroup S is called a fuzzy 
bi-ideal of S if fi{xay(3z) > mm{fj,{x) , fi{z)} \/x,y,z G S,\/a,f3 G F. 

Definition 2.5. [30J A fuzzy point xt is said to belong to (be quasi coincident with) a 
fuzzy subset fj,, written as xt € /^(resp. xtqn) if ^(x) > t(resp. fj,{x) + 1 > 1). 

Xt £ fi or xtqn will be denoted by xt G Vg//, xt & /J, and xtg// will be denoted by 
G Aqfj.. XfG/i, xjG Vg/i and xtG Aq'/u will respectively mean xt ^ Z^, ^ Vg/U and 
Xt ^ Aqfi. 

Definition 2.6. [30] Let X be a non-empty set and /i be a fuzzy subset of X. Then 
for any t G (0, 1], the sets Ht = {x £ X : fi{x) > t} and Supp{n) = {x G X : /x(x) > 0} 
are called t-level subset and supporting set of /u respectively. 

Definition 2.7. [20]Let 5 be a F-semigroup, A and /U are fuzzy subsets of S. Then the 
product of A and fi, denoted by, A o /x is defined by 



Also, for any fuzzy subsets A, fj, and of 5, (A o ^) o 1/ = A o (// o z^). 

3 Main Results 

Definition 3.1. (1) A non-empty fuzzy subset /i of a F-semigroup S is said to be an 
(G,G Vg)-fuzzy subsemigroup of S if Vx,y G 5, V7 G F and t,r G {0,1], Xt,yr G =^ 

(2) An (G,G V(7)-fuzzy subsemigroup /i of a F-semigroup S is said to be an (g 
,G Vg)-fuzzy bi-ideal of S if \/x,y,z G S,\/a,fi G F and t,r G (0, l],Xf,Zr £ M =^ 
(xay/3z)i„in(t,r) e Vg^. 

Theorem 3.2. Let jj, he any non-empty fuzzy subset of a T-semigroup S. Then the 
following statements are equivalent: (1) /u is an (G, G Vq)-fuzzy subsemigroup of S, 
(2) for any x,y G Supp(p),-/ G F,/i(x7y) > min{/i(x), //(y), 0.5}, (3) ^ o C \/qfi, 
(4) ^ o O-^suppifi) ^ (5) /o'^ o^iT'lJ 1" £ (0,0.5], i/ /ir is non-empty, then fir is a 
subsemigroup of S. 





sup inm{X{y) , fj,{z)} ^y,z £ S,\/^ £T 



otherwise 
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Proof. (1) ^ (2) : Let /x be an Vg')-fuzzy subsemigroup of S. Let x,y e 

Supp{iJ,),'y G r. If possible, let fi{x^y) < mm{fi{x), fi{y), 0.5}. Let us choose r, t G (0,1] 
so that fii^x^y) < min(r, t) < min{/i(x), 0.5}. Then Xjnin^j.^^) , j/min^j.^^) G /Lt but 
(^7y)mm(r,t)£ Vg//, a Contradiction. Therefore, (1) =^ (2). 

(2) ^ (3) : Let us suppose that (2) holds. Let .x,,. G )U o ^. Thcn(yU o fi){x) > r. If 
possible, let x^-G V(7/U. Then i-t{x) < r and fi{x) + r < 1. Hence < 0.5. Let x = yyz 
for ?/, z G 5, 7 G F. Then = ulyyz) > min{//(?/), //(z), 0.5} = min{//(?/), //(z)}. 
Now r < (/X o = sup min{/x(y), /^(z)} < sup fi{yjz) = ijl{x), a contradiction. 

x=yjz x=y^z 

Hence Xr G Vgr/x. Therefore (2) (3). 

(3) =^ (4) : Let (3) holds. Let Xr G fi o fi H 0-5supp{fi)- Then G (/U o and 
r < 0.5. If possible let Xr ^ /x, then ^(x) < r < 0.5. Hence ^(x) < r and //(.x) + r < 1 
=^ x^G Vg/i, which contradicts x^ G (/xo/x) C Vg/x. Hence x^ G Therefore, (3) ^ (4). 

(4) =^ (5) : Let (4) holds. Let r G (0, 0.5] such that fir is nonempty. Let x, y G /ir 
and 7 G r. Then ^(x) > r, fi{y) > r. Then /i(x7y) > o ^ n 0.55„pp(^))(x7y) = 
min{(/Lt o /x)(x7?/), 0.5} > min{min{/x(x), /^(y)}, 0.5} > min{r, 0.5} = r. This implies 
that X7y G jir- Hence Hr is a subsemigroup of S. Therefore (4) =^ (5). 

(5) =^ (1) : Let (5) holds. Let .x, y G S*, 7 G P and t,r G (0, 1] such that xt.,yr G fi. 
Then //(x) > t,ii{y) > r. If possible let (a;7?/)min(t,r)£ Vg/x. Then fi{x^y) < min(t, r) 
and fj,{xjy) + min(t,r) < 1. Hence fj,{x^y) < 0.5. Let us choose s such that fj,{x^y) < 
s < min(r, t,0.5) < min{/x(x), /x(y), 0.5}. Then x,y & jig but x^y ^ /x^, a contradiction. 
Therefore, (5) ^ (1). □ 

Remark 1. (1) It is clear that if /i is an (G,G Vq')-fuzzy subsemigroup of S, then 
Supp{ji) is a subsemigroup of S. (2) If /i is a fuzzy subsemigroup of a F-semigroup S', 
then /Li is an (g, G Vq)-fuzzy subsemigroup of S. However, the converse is not necessarily 
true which is clear from the following example. 

Example 2. Let S = {e, a, b} and F = {7}, where 7 is defined on 5* with the following 
cay ley table: 



7 


e 


a 


b 


e 


e 


e 


e 


a 


e 


a 


e 


b 


e 


e 


b 



Then S is a F-semigroup. We define a fuzzy subset /u : S — > [0, 1] as 

, > _ J 0.5 if X = e 
" \ 0.6 if X = a, b. ■ 

Then it is easy to verify that /x is an (g, G Vg)-fuzzy subsemigroup of S, but it is 
not a fuzzy subsemigroup of S. 
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Theorem 3.3. Let /x be any (g, G \/q)-fuzzy subsemigroup of a T -semigroup S. Then the 

following statements are equivalent: (1) n is an {e,E \/q)-fuzzy bi-ideal of S, (2) for any 
X, z £ Supp{fi),y € S and a, /3 £ T, ii{xayf5z) > min{;u(a;), 0.5}, (3) /x o ^5 o ^ C 
\/qii{where xs is the characteristic function of S), (4) iJ,oxs°IJ'f^ ^-^Suppin) ^ lJi{where 
Xs is the characteristic function of S), (5) for any r G (0,0.5], if fJ-r is non-empty, then 
Hr is a bi-ideal of S. 

Proof. (1) ^ (2) : Let jj, be an (g, G Vq')-fuzzy bi-ideal of 5*. Let x,z £ Supp{ii), a,Pe 
r and yGS be such that ii{xay(5z) < min{/i(.T), /i(z), 0.5}. Let us consider r,t so 
that ^{xayfiz) < min(r, t) < mm{ii{x), fi{z), 0.5}. Then {xayf3z)jain(^r,t)^ ^QfJ-^ though 
Xmm{r,t)j ^mm{r,t) G a Contradiction. Therefore, (1) =^ (2). 

(2) (3) : Let (2) holds. Let G o o /x, then (fi o xs ° f^)i^) ^ If pos- 
sible let Xr£ Vqfi. Then fJ,{x) < r and /u(a;) + r < 1. Hence fJ,{x) < 0.5. Let x = paz 
where z = qj3r for p,z,q,r G S,a,/3 G T. Then /x(x) = ii{paz) = iJ,{paq/3r) >G 
{//(p),/x(r),0.5} = min{//(p),//(r)}. Now r < {/j, o xs ° l^){x) = sup min{//(p), (x5 o 

H){z)} = sup min{/^(p), sup min{xs(g), ^(r)}} < sup min{//(p), /i(r)}} = fi{x), 

x=paz z=ql3r x=paqfSr 

a contradiction. Hence Xr G Vg/x. Therefore, (2) => (3). 

(3) ^ (4) : Let (3) holds. Let G o X5 o A* n 0.55^jpp(^). Then a:;^ G (/x o xs o 1^) 

and r < 0.5. If Xr ^ ;U, then fi{x) < r < 0.5. Hence /i(a;) < r and /i(a;) + r < 1. Then 
x^G Vg//, which contradicts G {lJ'°XS°fJ') ^ Vg//. Hence x^ G Therefore, (3) =^ (4). 

(4) =^ (5) : Let (4) holds. Let r G (0,0.5] and /x^ is nonempty. Since jj, is an 

(G,G V(7)-fuzzy subsemigroup of S, then by Theorem 3.2, Hr is a subsemigroup of S. 
Let X, z G /Ur, y £ S,a, /3 £ T. Then fj,{x), n{z) > r. Now ij.{xay/3z) > {{fi o Xs ° A*) l~l 
0-5s«pp(^))(a;a?//3z) = min{(//oxsoM)(xa?//3z), 0.5} > min{min{//(x), xs(2/), /^l^)}, 0.5} 
= min{/x(x), /^(z), 0.5} > min{r, r, 0.5} = r. Therefore xay/3z G /x^. Hence /x^ is a bi- 
ideal of S. Hence (4) ^ (5). 

(5) ^ (1) : Let (5) holds. Let x,y,z £ S,a, (3 £T and t,r £ [a, 1] such that xt, Zr £ 
IX. If possible let (xay^2;)inin(t,r)^~Vg/x. Then ij,{xayf3z) < min(i, r) and iJ,{xayPz) -\- 
min(t,r) < 1. Hence fi{xayPz) < 0.5. Let us choose p such that fi^xaylSz) < p < 
min(i,r, 0.5) < min{/x(x), /^(z), 0.5}. Then x,z £ jip but xayPz ^ /ip, a contradiction. 
Therefore, (5) ^ (1). □ 

Corollary 3.4. Let ji is an (G,G Vq)-fuzzy subsemigroup((G, G Vg)-fuzzy bi-ideal) of 
S. Then Supp{fi) is a subsemigroup (resp. bi-ideal) of S. 

Theorem 3.5. Let {fii : i £ 1} be any family of (G,G \/q)-fuzzy subsemigroups of S. 
Then Hig/ W IJie/A*i is o, (G, G \/q)-fuzzy subsemigroup of S. If {l^i : i £ 1} be any 
family o/(g,G \/q)-fuzzy bi-ideals of S, then both Hie/ A*j Uie/ /^i ^'^s (^j^ Vg)- 
/uzz?/ bi-ideals of S. 
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Proof. Let {/Xj : i £ 1} he any family of (G,€ Vg)-fuzzy subsemigroup of S. Let ^ = 
flig/Z^i- Let x,y G Supp{9),^ G T. Then 

6»(x7y) = min^j(x7y) 
iei 

> minmin{^i(x),/ii(y),0.5} 

= min{min/ij(x), min;Uj(y), 0.5} 

= min{6'(x),6'(y),0.5}. 

Therefore = Hie/ /^i is an (s, G Vg)-fuzzy subsemigroup of S. Similarly (Jjgj- Hi is an 
(G, G V(7)-fuzzy subsemigroup of 5. 

Let {fii : i G /} be any family of (g, G \/q)-fuzzy bi-ideals of S. Let 6 = Plig/A*?- 
Then is a (G,G Vg)-fuzzy subsemigroup of S. Let G Supp{9),y G 5, a,/3 G F. 
Then 

9{xayj3z) = min^Axay P z) 

> minmini/Uifx), ^jfz), 0.5} 

> min{min^j(x), min/ij(z), 0.5} 
= min{6l(x),6l(z),0.5}. 

Therefore 9 = HiG/ (S;^ Vg)-fuzzy bi-ideals of S. Similarly Uie/ 

(G, G Vq')-fuzzy bi-ideals of S. □ 

In view of Theorem 3.5 we can have the following theorems. 

Theorem 3.6. The family of all the (g, G \/q)-fuzzy subsemigroups of S with fuzzy set 
inclusion relation C constitutes a complete lattice. For any (G,G yq)-fuzzy subsemi- 
groups fi and V of jjiCw and fiUu are the greatest lower bound and least upper bound 
of respectively. Moreover, it is closed under fuzzy set union and intersection. 

The following theorem shows that the image and the inverse image of the (G, G Vg)- 
fuzzy subsemigroup and (g, G Vg)-fuzzy bi-ideal of a T-semigroup are also (g, G \/q)- 
fuzzy subsemigroup and (g, G Vg)-fuzzy bi-ideal. 

Definition 3.7. [18j Let / be any function from a set X to a set X' . A fuzzy subset 
/i of X is called /-invariant if for any x,y £ X, f{x) = f{y) =^ ij.{x) = fj,{y). 

Theorem 3.8. Let S and S be two T -semigroups, fi and /i are (g, G Vq) -fuzzy sub- 
semigroups of S and S respectively, and f be a homomorphism from S onto S . Then 
(1) /(//) is an (G,G \/q)-fuzzy subsemigroup of S . (2) f~^{fi ) is an (G, G \/q)-fuzzy 
subsemigroup of S, (3) The mapping /i — > f{p,) defines a one-one correspondence be- 
tween the set of the f -invariant (g, G Vq)-fuzzy subsemigroups of S and the set of the 
(G, G \/q)-fuzzy subsemigroups of S . 
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Proof. (1) Let x ,y' G Supp{f{fx)) and a e T. Then f{n){x') > and f{n){y') > 
sup //(x) > and sup /Lt(y) > 0. So there exists x,y E S such that 

xe/-i(:r') j/G/-i(y') 
/(x) = X ,f{y) = y and > 0,n{y) > 0. Then f{xay) = x ay . Then 



ay ) = sup //(z) 

z6/-i(a:'aj/') 

> sup n{xay) 

xef-Hx'),yef-Hy') 

> sup min{/Lt(x), //(y), 0.5} 
^e/-M^'),3/G/-n2/') 

= min{ sup iJ-ix), sup /x(y),0.5} 

xef-Hx') yef-Hy') 

= min{/(/x)(x'),/(/x)(j/'),0.5}. 
Hence /(/x) is an (G, G Vq')-fuzzy subsemigroup of S' . 

(2) Let x,y G Suppf-^{n') and a G L. Then /"^a;) > 0,f-^{y) > ^ fJ-'ifix)) > 
0,/^'(/(y)) >0. Then 

f~^{lj!){xay) = n'{f{xay)) = ix {f{x)af{y)) 
>min{/x'(/(a;)),/x'(/(2/)),0.5} 
= min{/-i(/x')(x),/-\/x')(2/),0.5}. 

Hence f~^{lJ. ) is an (g, G V(/)-fuzzy subsemigroup of S. 

(3) Using (1) and (2) we have the proof. □ 

Using similar argument as in Theorem 3.8 we can have the following Theorem. 

Theorem 3.9. Let S and S' be two T -semigroups, fi and fi are (G,G \/q)-fuzzy bi- 
ideals of S and S respectively, and f be a homomorphism from S onto S . Then (1) 

f{n) is an (G, G \/q)-fuzzy bi-ideal of S , (2) f^^{fJ- ) is an (G, G \Jq)-fuzzy hi-ideal of 
S, (3) the mapping /i — > /(^) defines a one-one correspondence between the set of the 
f -invariant (g, G \Jq)-fuzzy bi-ideals of S and the set of the (g, G \/q)-fuzzy bi-ideals of 
S'. 



4 (a, /3)-Fuzzy Subsemigroup and (a, /3)-Fuzzy Bi-ideal 

In the following a, f3 denote any one of G, G Vg, G Aq unless or otherwise mentioned. 
In the following theorem it is shown that every fuzzy subsemigroup of a F-semigroup 

5 is an (g, G)-subsemigroup of S. 
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Theorem 4.1. For any fuzzy subset fi of a T -semigroup S, the condition (SI) in 
Definition 2.3 is equivalent with the condition {S2)\/x, y G S, V7 G F, t, r G {0,1], xt,yr G 

fi ^ {xjy)min{t,r) ^ 1^- 

Proof (SI) (32) : Let (51) holds. Let x,y G S,j G T and t,r e (0,1] be 
such that xt,yr G /i. Then fi{x) > t and jj,{y) > r. So, by {SI) we have iJ,{xjy) > 
mm{i^{x),ii{y)} > min{t,r}. Hence {xjy)^in{t,r) ^ Z^- 

{S2) {SI) : Let {S2) holds. Let x, y G S, 7 G F. Since , G /x, so by 
(52), we have (a;7y)min{M(x),M(j/)} ^ Consequently, iJ.{xjy) > min{/x(x), /x(y)}. Hence 
the proof. □ 

In the fohowing theorem it is shown that every fuzzy bi-ideal of a F-semigroup S is 
an (g, G)-bi-ideal of S. 

Theorem 4.2. For any fuzzy subset fi of a T -semigroup S, the condition (Bl) in Defini- 
tion 2.4 is equivalent with the condition {B2)'ix,y, z G S,\/^,5 G T,t,r G (0,1], Xt,^^ £ 
fi,y e S ^ {x-fy6z)„,i,,(^t^r) G fi. 

Proof (Bl) =^ {B2) : Let (Bl) holds. Let x,y,z G 5,7,5 G F and t,r G (0,1] be 
such that xt,Zr G fi. Then fj,{x) > t and iJ,{z) > r. So, by (51) we have ii{x^y5z) > 
min{/^(x),^(z)} > min{t,r}. Hence {x-iy5z)^i^i^t,r) G 

{B2) =^ {Bl) : Let {B2) holds. Let x,y,z E S,^,S E F. Since G /U, so by 

(52), we have (a;7yfc)inin{/i(x),/i(z)} G Consequently, iJ,{xjy6z) > mm{ij,{x), iJ.{z)}. 
Hence the proof. □ 

Remark 2. Let be a fuzzy subset of a F-semigroup 5 such that /i(a;) < 0.5, Vx G 5. 
Let X G 5 and t G (0, 1] be such that xt G Ag/x. Then /i(x) > i and /i(x) + i > 1. It 
follows that 1 < /i(x) + 1 < /x(x) + iJ,{x) = 2/i(x). Hence /i(x) > 0.5. This means that 
{xt : Xt G Aqfj,} = (f). 

Definition 4.3. (53) A non-empty fuzzy subset /x of a F-semigroup 5 is called an 
(a, /3)-fuzzy subsemigroup of 5, where a t^G Ag, if it satisfies Vx, y G 5, V7 G F, Vf, r G 
(0, 1], Xt, yran =^ {xjy)minit,r)PlJ'- 

Definition 4.4. {B3) An (a, /3)-fuzzy subsemigroup ^ of a F-semigroup 5 is called an 
(a,/3)-fuzzy bi-ideal of 5, where a t^G Ag, if it satisfies 'ix,y,z G S,\/^,5 G V,'it,r G 
(0, 1], Xt, 2:^0;// ^ (x7yfc)„u„(t^,.)/3^. 

Example 3. Let 5 = {a, 6, c, d, e} and F = {7}, where 7 is defined on 5 with the 
following cay ley table: 
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Then 5 is a F-semigroup. We define fuzzy subset /i : S" ^ [0, 1], by fi{a) = 
0.8, i2{b) = 0.7, //(c) = 0.3, = 0.5,fi{e) = 0.6. 

Clearly is an (g, G Vg)-fuzzy subsemigroup and (€, G Vg)-fuzzy bi-ideal of S. 

Let ao.78 G M and 60.66 £ But (a7^)min(o.78,o.66) = dose^- Hence /i is not an (g, g)- 
fuzzy subsemigroup and (g, G)-fuzzy bi-ideal of S. In a similar way we can show that 
is not {q,e),{e,q),{q,e \/q),{q,£ Ag),(G Vg, G Ag), (G Vg,G),(G,G Ag),(g,g),(G 
yq,q), (G Vg, G V(7)-fuzzy subsemigroup and fuzzy bi-ideal of S. 

Theorem 4.5. Every (g Vg, G Vq)-fuzzy subsemigroup of a T-semigroup S is (g, G Vq)- 
fuzzy subsemigroup of S. 

Proof. Let x,?/ G 5", 7 G L and t,r G (0,1] be such that xt,yr G A*- Then xt,yr £ Vg, 
which implies that (a;7y)min(t,r) ^ Vg. Hence // is an (G,G Vg)-fuzzy subsemigroup of 



In a similar fashion we can have the following theorem. 

Theorem 4.6. Every (g Vg, G \/q)-fuzzy bi-ideal of a T-semigroup S is (g, G yq)-fuzzy 
bi-ideal of S. 

Theorem 4.7. Let fi be a non-zero {a, (3)-fuzzy subsemigroup of aV -semigroup S. Then 
the set fiQ := {x £ S : fi{x) > 0} is a subsemigroup of S. 

Proof. Clearly /io is nonempty. Let x,y G /Uo,7 G F. Then fi{x) > and fi{y) > 0. 
Let us assume that fi{xjy) = 0. If a G {G,G Vg} then x^(^^-^a^ and y^{^)a^ but 
{xly)raln{^l(x),^l(y)}Pl^ for every /? G {G,g, G Vg, G ^q}, a contradiction. If a = g, it 
should be noted that xiq^ and yiq^i but (a;72/)min{i,i} = {x'^v)if^l^ for every /3 G {G 
, g, G Vg, G Ag}, a contradiction. Hence fj,{x'yy) > 0, consequently, X7y G /io- This 
completes the proof. □ 

In a similar way we can prove the following theorem. 

Theorem 4.8. Let ^ be a non-zero {a, l3)-fuzzy bi-ideal of a T-semigroup S. Then the 
set /xq := {x G : fj.{x) > 0} is a bi-ideal of S. 

Proposition 4.9. \24\ Let S be a T-semigroup and A,B S. Then (1) A B if and 
only if fiA ^ fiB- (2) fiA^ l^-B = IJ'AnB- ^ IJ-A o IJ-B = fJ-ATB, where ^ia^IJ'B denote the 
characteristic functions of A and B respectively. 

Definition 4.10. Let 5 be a F-semigroup. Then for any a £ S and 7 G F, we define 
Aa '■= {{y-iz) £ S X S : a = y^z}. For any two fuzzy subset /xi,/i2 of 5, we define 



Definition 4.11. Let S* be a F-semigroup. For any two fuzzy subsets and /i2 of S, 
we define the 0.5-product of /ii and fi2 by, 

r sup min{/ii(y),/X2(2;),0.5} ii Aa 7^ (p 
(/"I 00.5 /^2)(a) := { (2/.2)eAa 



S. 



□ 








if = </> 
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Definition 4.12. [30| For a r-semigroup S the fuzzy subset 0(respectively 1) is defined 
by : S* ^ [0, 1] : X ^ 0(x) = 0, Vx G S'(respectively 1 : 5 ^ [0, 1] : x ^ l(x) = 1 
Vx G 5). 

Definition 4.13. For any fuzzy subset of a F-semigroup S and t £ (0,1], we have 
Q{fj,;t) := {x G 5 : XtqfJ,} and [fijt := {x G 5" : Xj G Vg^u}. It is clear that = 
C/(/x;t)ug(/x;t). 

Definition 4.14. Let /ii,//2 be any two fuzzy subsets of a F-semigroup S. Then Vx G 
-S", (/Ui no.5 /i2)(a;)=min{^i(x), /i2(a;), 0.5}. 

Proposition 4.15. Let S be a T-semigroup and A,B C S. Then (1) fiA Hq.s Ai_B = 

AtAnB n 0.55. (2) HA 00.5 fj-B = fj-AFB n 0.55. 

Proof. (1) Let x G S". If (/i^ PIq.s hb){x) = min{//A(a^)) 0.5} = 0. Then 

/iA(a;) = or hb{x) = 0=>x^j4ni?. Then /UAnB(a;) = ^ (^Ans H 0.55)(x) = 0. 
If {ha no.5 AtB)(2;) / 0, then {^a Hq.s = va.va.{HA{x), liB{x),^.f)} = 0.5. Then 

Ha{x) = 1 = hb{x) X G a n i? =^ /iAnB(a^) = 1- Therefore {fJ-AnB H 0.5s)(x) = 
min{/iAnB(a^),0.5} = min{l,0.5} = 0.5. Then iHAf^o.5tJ'B){x) = (/iAnBn0.5s)(x), Vx G 
S". Hence /i^ Hq.s /^s = /^AnB n O.55. 

(2) If (fiATB n 0.5s)(x) = ^ min{^ArB(x),0.5} = 0. Then HArB{x) = ^ x ^ 
ATB. Then x 7^ aa6 Va G j4, 6 G -B, a G F. Then {fiA °o.5 IJ'b){x) = 0. If {havb n 
0.5s)(x) / 0, then (hatb n 0.55)(x) = min{/iArB(a;), 0.5} = 0.5. Then havb{x) = 
1 X G ATB. Then (/^a 00.5 A*s)(a^) = sup min{^A('")7 /^b(^); 0.5} = 0.5. Then 

(u,v)&A^ 

{fJ-A 00.5 fJ'B){x) = {hatb n 0.55) (x)Vx G S. Hence /^a 00.5 ^^B = fJ-AVB n 0.5^. □ 

Proposition 4.16. Let fi and v he (g, G \lq)-juzzy subsemigroups of a T-semigroup S. 
Then H°0.5 ^ 'is an (g, G Vq)-fuzzy bi-ideal of S if any one of fj, and v he (g, G \lq)-fuzzy 
bi-ideal of S. 

Proof. Let fj, be (G, G Vg)-fuzzy bi-ideal of S and a G 5. If ((/i 09.5 u) 09.5 (^u 09.5 
i/))(a) = < (/X 00.5 u){a). If {{h 00.5 I/) 00.5 (/i 00.5 iy)){a) ^ 0, then Aa ^ cf) and 
there exist x,y, z,r, s,t G 3,0,13,^ G F such that a = xay,x = zl3r,y = s^t. Then 
a = {zf3r)a{s'yt) = {zf3ras)jt. Consequently, {zf3ras,t) G Aa- Then 

((moo.5 i^) 00.5 (/^oo.5 = sup min{(^oo.5Z^)(x),(/uoo.5Z^)(?/),0.5} 

{x,y)£Aa 

= sup min[ sup min{^(2;), z^(r), 0.5}, 

{x,y)&Aa iz,r)eA^ 

sup min{;^(s), 0.5}, 0.5] 

= sup sup sup min{/i(z), /i(s), i^(r), 0.5} 
(x,y)gAa{z,r)eA2;(s,t)eAj, 

< sup sup sup min{/i(z), /^(s), 0.5} 

{x,y)&Aa{z,r)eA^{s,t)&Ay 
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< sup min{/x(2;), /Lt(s), 0.5} 

{zl3ras,t)eAa 

< sup m.m{ii{zPras),i'{t),0.5} 

(zl3ras,t)eAa 

< sup min{//(x), ^'(y), 0.5} 
= (/^ O0.5 

Then (/xoq.si^) 09.5 (/x 00.51^) C /xoq.sz/. Hence fioQ^v is an (g, G Vg)-fuzzy subsemigroup 
of 5. 

Now if ((// 00.5 I/) 00.5 1 00.5 (/X 00.5 i')){a) = < (// 00.5 i^)(a). If 00.5 z/) 00.5 1 00.5 
(a* 00.5 7^ 0, 7^ (f). Then there exists x, y, w, z, b, c,d,e € S, a, /3, 7, 5 G F such 

that a = xay, x = w/Sz, y = b^c, c = d5e. Then a = {wPz)a{b^c) = wPzabj{dSe) = 
{wPzabjd)6e. Consequently, {wPzab^d, e) G Aa- Then 

((/^ 00.5 i^) °o.5 1 00.5 (a* 00.5 = sup min[(/i 00.5 (1 00.5 (/x 00.5 0.5] 

{x,y)eAa 

= sup min[ sup min{/x(w;), 1/(2;), 0.5}, 

sup min{ 1 (b) , (/x oq.s v) (c) , 0.5} , 0.5] 

(b,c)£Ay 

= sup min[ sup min{//(w;), 1/(2;), 0.5}, 
(j;,2/)6Aa {w,z)eAx 

sup min{ sup min{/x((i), 1^(6), 0.5}, 0.5}, 0.5] 

{b,c)eAy (d,e)eAc 

= sup sup sup sup min{//(it;), //(d), 
e (tu,2) e (b,c)eAy id,e)eAc 

i.(e),0.5} 

< sup sup sup sup mm{ fi{w), fi{d),i'{e), 

(x,y)eAa(w,z)eA^{b,c)£Ay{d,e)eAc 

0.5} 

< sup miiii{fj,{wf3zab'yd),i'{e),0.5} 

{wpzab^d,e)£Aa 

< sup min{fj,{x),i'{y),0.5} 

(x,y)GAa 

= ilJi 00.5 T^){a)- 

Then (//00.5 v) 09.5 1 09.5 (//00.5 v) C //00.5 1^. Hence //00.5 is an (€, G Vg)-fuzzy bi-ideal 
of 5. □ 

Proposition 4.17. If 111,112 be any two (G,G \/q)-fuzzy subsemigroups{fuzzy bi-ideals) 
of a F-semigroup S, then (/xi no.5 112) is an (G,G \/q)-fuzzy subsemigroup{resp. fuzzy 
bi-ideat) of S. 

Proof. Let 111,112 be any two (g, G Vg)-fuzzy subsemigroups of S and x, y G S, 7 G F. 
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Then 



ifii no.5 i^2){x-fy) 



= mm{fii{x-fy), fi2{xjy),0.5} 

> min{mm{^i(x), 0.5}, min{^2(a;), fi2{y), 0.5}, 0.5} 

= m.m{m.m{ni{x),ni{y),H2{x),H2{y)}, 0.5} 
= inin{min{/ii(a;),/i2(a;),0.5},min{/xi(y),/H2(?/),0.5},0.5} 
= min{(/xi no.5 l^2){x), {m n^s /X2)(y),0.5}. 



Hence (//i no.5 A*2) is an (€, G Vg)-fuzzy subsemigroup of S. Similarly we can prove the 



Definition 4.18. Let S* be a T-semigroup and be a non-empty fuzzy subset of S. 
Then jj, is called (G,G Vq')-fuzzy left ideal(fuzzy right ideal) of S if Var,y G S',V7 G 
r,fi{x^y) > min{/i(y), 0.5}(resp. fj,{x^y) > min{;^(x), 0.5}). 

A non empty fuzzy subset of a F-semigroup S is called (G, G Vg')-fuzzy ideal of S 
if it is both (g, G V(j')-fuzzy left ideal and (g, G V(/)-fuzzy right ideal of S. 

Proposition 4.19. Let S be a T-semigroup. Then every one sided (G,G \/q)-fuzzy 
ideal of S is an (G,G \Jq)-fuzzy hi-ideal of S. 

Proof. Let n be an (G, G Vg)-fuzzy right ideal of S and let x,y,z G S,a,f3 G T. 
Then ii{xayf5z) = iJ,{xa{y(3z)) > min{/i(a;), 0.5} > min{//(x), //(z), 0.5}. Hence is an 
(G, G Vq')-fuzzy bi-ideal of S. Similarly we can prove the proposition by taking /x as 
(G, G Vg)-fuzzy left ideal of S. □ 

Proposition 4.20. Let S be a regular left duo{right duo, duo) T-semigroup. Then 
every (G, G \Jq)-fuzzy hi-ideal of S is an (G, G \/q)-fuzzy right ideal{resp. fuzzy left 
ideal, fuzzy ideal) of S. 

Proof. Let /i be an (G,G Vg)-fuzzy bi-idcal of S and x,y G S*, 7 G F. Then x^y G S. 
Since S is regular and left duo in view of the fact that STx is a left ideal wc obtain, x^y G 
{xTSTx)TS C xTSTx. This implies that there exist elements z G 5, a, /3 G F, such that 
x^y = xazfix. Then fi{x^y) = jiixazfix) > min{/x(a;), /x(x), 0.5} = min{/x(x), 0.5}. 
Hence /x is an (g, G Vg)-fuzzy right ideal of S. Similarly we can prove the other cases 
also. □ 

In view of above two proposition we have the following theorem. 

Theorem 4.21. Ln a regular left duo{right duo, duo) T-semigroup the following condi- 
tions are equivalent: (1) is an (G, G \/q)-fuzzy right ideal{resp. fuzzy left ideal, fuzzy 
ideal) of S, (2) fj, is an G Vq) -fuzzy bi-ideal of S. 

We can prove the following theorem easily. 

Theorem 4.22. Let S be a T-semigroup. Then a non-empty subset A of S is a 
subsemigroup{bi-ideal) of S if and only if the characteristic function fiA of A is an 
(G,G \/q)-fuzzy subsemigroup{resp. fuzzy bi-ideal) of S. 



other case also. 



□ 
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Theorem 4.23. Let S be a T -semigroup and ^ he a non-empty fuzzy subset of S. Then 
/J, is an {e, E \/q) -fuzzy subsemigroup of S if and only if is a subsemigroup of S. 

Proof. Let fi be an (€,€ Vg)-fuzzy subsemigroup of S. Let x,y [lAti7 ^ T and 
t £ (0,1]. Then xt,yt G V(7^, which implies, fj,{x) > t or fi{x) + t > 1 and fj,{y) > t 
or //(y) + t > 1. Since /x is an (g, G V(/)-fuzzy subsemigroup of S, we have ii{x^y) > 
mm{iJ,(x),iJ,{y),0.5}. 

Casc-(l) Let lJ-{x) > t and fi{y) > t. Then ji[x^y) > min{t, 0.5}. If t > 0.5, then 
n{x^y) > 0.5 and consequently, {x^y)tqiJ,. lit < 0.5, then ij,{x'yy) > t and so {x'yy)t G 
Hence {x^y)t G Vg/x, implies that x^y G 

Case-(2) Let ^(z) > t and fi{y) + t> 1. Then ^(x7y) > mm{t, 1-t, 0.5}. If t > 0.5, 
then n{x'^y) > 1 — t,i.e., iJ,{x'yy) + i > 1 and consequently, {x^y)tqiJL. li t < 0.5, then 
IJ,{x^y) > t and so {xjy)t G //. Hence {x^y)t G Vg/x, implies that a;77/ G 

Case-(3) Let /i(.T) + 1 > 1 and > t. Then fi{x^y) > min{l — t, t, 0.5}. If t > 0.5, 
then ij,{x'yy) > 1 — t,i.e., iJ,{x'yy) + t > 1 and consequently, {x^y)tqiJ.. li t < 0.5, then 
IJ,{xjy) > t and so {x^y)t G /i. Hence {x^y)t G Vg/x, implies that X7y G [ij]t- 

Casc-(4) Let + 1 > 1 and ^(y) + t > 1. Then fJ.{x'jy) > min{l - t, 1 - 0.5}. If 
t > 0.5, then /x(a;7j/) > 1 ~ t,i.e., iJ,{x^y) + t > 1 and consequently, {x'yy)tqiJ,. lit < 0.5, 
then ij,{x'yy) > 0.5 > t and so {x'yy)t G /x. Hence {x^y)t G Vg/x, implies that 0:72/ G [/x]t. 
Thus in any case, we have x^y G [/x]t. Hence [/x]t is a subsemigroup of S. 

Conversely, Let [/x]i is a subsemigroup of S and let x,y £ Supp{iJ,),'y G F be such 
that iJ.ix'jy) <t < min{/x(x), )Li(y), 0.5} for some t G (0,0.5]. Then x, y G U{n;t) C [/x]t, 
which implies X7y G [/i]t(sincc [fj]t is a subsemigroup of S). Consequently, iJ,{x^y) > t or 
fi{x^y) + t > 1, a contradiction. Thus fi{xjy) > min{/x(x), /x(y), 0.5}Va;, y G >S', V7 G T. 
Hence /x is an (G, G Vg)-fuzzy subsemigroup of S. □ 

In a similar way we can have the following theorem. 

Theorem 4.24. Let S be a T -semigroup and fi be a non-empty fuzzy subset of S. Then 
fi is an (g, G Vq)-fuzzy bi-ideal of S if and only if [ij]t is a bi-ideal of S. 

Theorem 4.25. A fuzzy subset /J, of a T-semigroup S is an (G,G \/q)-fuzzy subsemi- 
group of S if and only if /x 00.5 /x C /x. 

Proof. Let /x be an (g, G Vg)-fuzzy subsemigroup of S. Let a e S. li Aa = (f), then 
ifJ- °o.5 fJ'){a) = < /x(a). If Aa 7^ (f), then 

ifJ' 00.5 = sup [min{/x(y), /x(2;), 0.5}] 

< sup /x(y7z) (where a = y72;) 
= sup /x(a) = /x(a). 
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Hence /x 00.5 fiC.fi. 

Conversely, let /x 00.5 C /x. Then for y, 2; G S, 7 G F, 

l^iviz) > (/XO0.5 n){yjz) 

= sup min{/x(y),/x(2;),0.5} 

> mm{^(y),/i(2;),0.5}. 
Hence is an (G, € V(j')-fuzzy subsemigroup of S*. □ 

Theorem 4.26. In a T-semigroup S the following are equivalent: (1) /i is an (g, G Vg)- 
bi-ideal of S, (2) 09.5 n ^ n and n 09.5 1 09.5 11(^11. 

Proof. Let us assume that (1) hold. Since /x is an (G, G V(7)-fuzzy bi-ideal of S, then /x 
is an (g, G Vq')-fuzzy subsemigroup of S. So by, Theorem 4.25, /it 09.5 /x C /x. 

Let a G 5. If = (/>. Then (^u 09 5 1 09 5 ^)(a) = < /i(a). 

If 7^ 05 then there exist x,y,p,q & S and /3, 7 G L such that a = xjy and x = 
Since /x is an (G,G Vg)-fuzzy bi-ideal of S, we have /x(a) = ix{x^y) = /J^ip/Sq'yy) > 
min{/x(p), /x(7/), 0.5}. Then 

(/X 00.5 1 00.5 /x)(a) = sup [min{(/x 09.5 l){x), /x(y)}] 

= sup [min{ sup {min{/x(p), l(gf), 0.5}}, /x(y)}] 

{x,y)€Aa {p,q)€A^ 

= sup [min{ sup {min{/x(p), 1, 0.5}}, /x(y)}] 

(x,y)€Aa (p,q)eA^ 

= sup sup min{/x(p), /x(y), 0.5} 

(j;,j/)gAa(p,?)6Ax 

< sup {fi{pPq-fy)} 

(x,y)€Aa 

= sup nixjy) = ii{a). 

{x,y)eAa 

Hence /x 09 5 1 09 5 /x C /x. 

Conversely, let us suppose that (2) holds. Since fj, 09 5 ^tx C ^, so /tx is an (g, G Vq)- 
fuzzy subsemigroup of S. Let x,y,z G S", /3, 7 G T and a = xj3y^z = p72;(where p = 
xj3y). Since /x 09 5 1 09 5 /x C /x, we have 

fi{xPy'jz) = ii{a) > (/X 09.5 1 09.5 /x)(a) 

= sup [min{(/x 09.5 /x(z), 0.5}] 

(p,z)eAa 

> min{(^ 09 5 l)(p),/i(z),0.5} 

= min[ sup {min{/x(x), l(j/), 0.5}, /x(2:), 0.5] 
{x,y)€Aa 

= min[ sup {min{/x(x), 1, 0.5}, /x(2;), 0.5] 

ix,y)eAa 

> min[min{^(x), 0.5}, /u(z), 0.5] 
= min{/x(a;), n{z),0.5}. 
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Hence /x is an (g, G Vg)-fuzzy bi-ideal of S. □ 

In the following example we show that in Theorem 4.26 equality does not hold 
generally in condition (2). 

Example 4. Let S = {a, b, c} and T = {7}, where 7 is defined on S with the following 
cayley table: 
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a 


b 


c 





a 


a 


a 


6 


b 


b 


b 


c 


c 


c 


c 



Then is a F-semigroup. We define fuzzy subset /i : S -> [0, 1], by /x(a) = 
0.8, jLt(6) = 0.7, //(c) = 0.6. Clearly fi is an (g, G Vg)-fuzzy subsemigroup and (g, G Vq)- 
fuzzy bi-ideal of 5. 

Now (// 00.5 fi){a)= sup mm{ fi{x), fi{y), 0.5} = 0.5 < 0.8 = //(o). Hence ji ^ 

ji 00.5 /X. Also {ji 00.5 1 00.5 /x)(a) = 0.5 < 0.8 = /Lt(a). Hence /x 00.5 1 00.5 H- 

Theorem 4.27. A T-semigroup S is regular if and only if for every (G,G \/q)-fuzzy 
bi-ideal pL of ji 09.5 1 09.5 /x = /x H O.55. 

Proof. Let 5 be a regular F-semigroup and /U be an (g, G Vg)-fuzzy bi-ideal of S. By 
Theorem 4.26, /x 00.5 1 00.5 jJ. Q ijl. Also for a e S, 

{fj, 00.5 1 00.5 /x)(a) = sup min{/x(n), (1 00.5 n){v), 0.5} < 0.5 = (0.55)(a). 

Then /x 00.5 1 09.5 /x C O.55. Hence /x 09.5 1 00.5 /x C |U n O.55. Since S is regular for a G 
there exists x E S,a,/3 such that a = aax/3a. Then 

(/X 00.5 1 00.5 /x)(o) = sup min{/x(n), (1 00.5 /x)(t;), 0.5} 

(u,t-)eAa 

> mm{fi{a), (1 00.5 y){xl3a), 0.5} 

> min{/x(a), min{l(x), /x(a), 0.5}, 0.5} 
= min{/x(a), 0.5} = (/i n 0.5s)(a). 

So /X 00.5 1 00.5 )U 5 /X n 0.55. Hence /x oq 5 1 00.5 fi = fiH 0.5s- 

Conversely, let for every (g, G Vg)-fuzzy bi-ideal /x of S, /xog.s I00.5/X = /xnO.55. Let 
5 be a bi-ideal of S. Then /xb is an (g, G Vg)-fuzzy bi-ideal of 5*. Then /xboq.s Ioq 5/xs = 
fiBf^0-5s- Then /XO0.5I00.5/X = /xn0.5s. Then by Proposition 4.15, /UBr5r_Bn0.55 = /isn 
0.55. If 6 G -B, then /x(6) = 1. Then {fiB n 0.55)(6) = min{/XB(6), 0.5} = min{l, 0.5} = 
0.5. Then {hbtsfb ri0.5s){b) = 0.5 => min{/Xi3r5rs(&), 0.5} = 0.5 => i^BrsTBib) = 1 
b G BTSTB. Then B C SFSFB. Also SFSFB C B. So B = BTSTB. Hence S is 
regular. □ 
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Theorem 4.28. Let S be a F-semigroup. Then the following are equivalent: (1) S is 

both regular and intra-regular, (2) fi oq.s = 0.5s, for every (g, G Vq)-fuzzy bi-ideal 
fi of S, (3) II no.5 v = {fj, oo.5 v) no.5 {i' oq.s fJ,) for all (g, G Mq)- fuzzy bi-ideals fj, and v 
ofS. 

Proof (1) (2) : Let S be both regular and intra-regular. Let fi be an (g, G Vg)- 
fuzzy bi-ideal of 5. Then by Theorem 4.26, /j, oq.s Q fi. Also oq.s C 0.65. Then 
A* °0.5 A* C n 0.55. Let a e S. Since 5 is regular and intra-regular, there exists 
x,y,z E S and a, /3, 7, (5, 77 G F such that a = aax^a and a = y^aSarjz. Hence 

a = aaxfia = aaxl3aaxl3a = aax(3{y^a6ariz)axl3a = {aaxl3y^a)5{arizax(3a) . 

Then 

(a* 00.5 A')(o) = sup min{/i(u), |Lt(w), 0.5} 

> min{;u(aQ;x/3y7a), /i(ar/ZQ!X/3a), 0.5} 

> min{min{/i(a), ;u(a), 0.5}, min{;u(a), /x(a), 0.5}, 0.5} 
= min{//(a), 0.5} = (/x fl 0.5s)(a). 

Then /x 09.5 /x D /x fl O.55. Hence og.s fx = fiH 0.5s- 

(2) =^ (3) : Let /x and be two (G, G Vg)-fuzzy bi-ideals of S. Then by Proposition 
4.17, /X no.5 is also an (G, G Vg)-fuzzy bi-ideals of S. Then (/x no.5 J^) 00.5 (a* 1^0.5 = 
(/" no.5 J^) n 0.55 = n no.5 Then /i no.5 = (/" no.5 i^) 00.5 (a^ no.5 ^ /x 00.5 Similarly 
A* no.5 C 00.5 At- Hence n no.5 ^ 00.5 z/) no.5 (^^ 00.5 A*)- Also by Proposition 
4.16, A* 00.5 ^ and 00.5 a* are (g, G Vg)-fuzzy bi-ideals of S. Then by Proposition 4.17, 
(a* °o.5 no.5 (i^ 00.5 A*) is an (g, G Vg)-fuzzy bi-ideal of S. Then 

(a* 00.5 z^) no.5 (z^ 00.5 A^) = ((a^ 00.5 no.5 00.5 m)) n 0.55 

= ((At 00.5 z^) no.5 (z^ 00.5 A^)) 00.5 ((a^ 00.5 i^) no.5 °0.5 At)) 
^ (a^ 00.5 i^) 00.5 (z^ 00.5 A^) 
= A^ 00.5 (i^ 00.5 z/) 00.5 At 
C /X 00.5 1 00.5 A* 

c /xno.55. 

Similarly (/x 00,5 i/) no.5 (z^ 00.5 A^) C n O.55. Then (/x 00,5 z^) no.5 (i^ 00.5 At) ^ (m n 0.5^) n 
(z^ n 0.55)=At no.5 t^- Hence ax no.5 = (At 00.5 i^) no.5 (t^ 00.5 A^)- 

(3) => (1) : Let (3) holds. To prove that S is regular and intra-regular we have 
to prove that PnQ = PTQ n QTP for every bi-ideal P and Q of 5. Let 6 G P n Q. 
By Theorem 4.22, xp and XQ are (g, G Vg')-fuzzy bi-ideals of S. Now xp(^) = 1 

and XQ{b) = 1- By (3), xp no.5 XQ = {xp °o.5 Xq) no.5 {XQ °o.5 Xp)- Now (xp no.5 
Xq)(6) = min{xp(6),XQ(^),0.5} = 0.5. Then ((xp 00.5 xq) no.5 (xq 00.5 Xp)){b) = 0.5. 
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By Proposition 4.15, {xPFQnQTP n 0.55)(6) = 0.5. Then XPrQnQrp{b) = 1 ^ b e 
PTQ n QTP. Then PnQ C PTQ n QTP. If 6 G PTQ n QTP. Then by Proposition 
4.15, XPTQnQrp{b) = 1 ^ (xprgngrp n 0.5s){b) = 0.5 (xprQ Hq.s XQrp){b) = 
0-5 {{xp O0.5 Xq) no.5 iXQ °o.5 Xp)){b) = 0.5 =^ (xp Hq.s Xq)(^) = 0.5 {xPnQ n 
0.55)(6) = 0.5 ^ XpnQ(?') = 1- Then bePDQ. So PHQD PTQ n QFP. Hence 
P n Q = PFQ n QTP. Consequently, S is both regular and intra-regular. □ 
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